Introduction
CR manifolds, the abstract models of real hypersurfaces in complex manifolds, are 2n + 1 dimensional manifolds M with a codimension one subbundle H of the tangent bundle, which carries a complex structure. The "CR" refers to Cauchy-Riemann because for M C C n+l, the subbundle H consists of induced Cauchy-Riemann operators. There is a wealth of geometry and analysis associated with these structures, especially when the CR manifolds are strictly pseudoconvex. For example, two strictly pseudoconvex domains are biholomorphically equivalent if and only if their boundaries are CR equivalent.
A fundamental problem in CR geometry is to find computable invariants associated with the CR structures. The global CR invariant we will consider in this paper is the Chem-Simons type invariant/~ discovered by Bums and Epstein [B-E 1] . It is a real-valued global CR invariant of a compact 3-dimensional strictly pseudo-convex CR manifold whose holomorphic tangent bundle is trivial. (Cheng and Lee independently found this invariant, and extend the definition of B-E invariant to a relative invariant on an arbitrary compact 3-dimensional CR manifold, cf. [C-L] .) We will evaluate this g asymptotically on the boundary of small Grauert tubes. Before posing the question in a more precise form we will first say a few workds about Grauert tubes.
Let X be a real analytic manifold. Then every coordinate patch U C R n can be thickened to obtain an open set r c C n. Since the coordinate changes of X are real analytic maps, by taking power series expansions and by shrinking CU to get convergence, they can be extended holomorphically to such enlarged domains and thus they can be used as holomorphic transition S.-J. Kan functions for a complex manifold CX. This complexification process makes it possible to extend real analytic objects given on X to holomorphic ones on the complexification. Granert [Gr] used this idea in his famous proof about embeddability of abstract real analytic manifolds. One remarkable byproduct of Grauert's construction is the existence of a neighborhood M of X in CX and a smooth strictly plurisubharmonic function p p : M --* [0, 1) such that X is the zero set of p. This p is not canonically defined, since cp keeps this property for any c E (0, l). Recently Guillemin and Stenzel (and independently Lempert and Sztke) proved the uniqueness of p under two adv/'~-T ~ ~ ditional hypotheses: the Kiihler metric with K~ihler form --~oap on M is compatible with the Riemannian metric on X, and v~ is a solution of the homogeneous complex Mongc-Amptre equation on M-X. This result can be regarded as defining a canonical complexification of Riemannian manifolds with real analytic metrics. The set {p < e 2 } is a certain disk bundle over X. We call it the Grauert tube of radius e.
We will concentrate on real 4-dimensional Grauert tubes, and find the B-E invariant/~ on the boundaries of these tubes. Our motivation for this study of the invariant # in Grauert tubes comes from the volume formula proved by H. Weyl where ke are certain integral invariants of X, determined by the intrinsic metric nature of X only. We address the following questions. On {p = 52}, as e varies, how do the invariants /~ depend on the manifold X and the radius e? To what extent are they analogous to H. Weyl's volume formula?
One of the main results we prove in this paper is Theorem 6.1 which says that: # has an asymptotic expansion in 52 . Using this result, together with group representations, we can prove the bihqlomorphic inequivalence of Grauert tubes with centers of constant sectional curvature and classify these kinds of tubes.
The contents of the various sections are as follows: Section 2 is a quick review of definitions of a CR structure and the BumsEpstein invariant.
In Sect. 3 we establish the necessary background information and develop some properties of the Monge-Amp6re equation which will play a key role in the sequel.
In Sect. 4 we first show that the invariant/t is well-defined on the boundaries of Grauert tubes, then point out a natural pseudo-hermitian structure.
Section 5 will concentrate on the B-E invariant. We prove in this section, the invariant/~ possesses an asymptotic expansion in powers of the radius.
Section 6 is devoting to the calculation of the second term of the asymptotic expansion of the invariant /~. Our main result is Theorem 6.1, which is summarized above, saying that the invariant g of the boundary of a Grauert tube has an asymptotic expansion in the radius of the tube. The leading and the second-order terms are respectively the volume and the scalar curvature times some dimensional constant.
In Sect. 7 we discuss the location of CR spherical structures and the biholomorphic inequivalence of Grauert tubes by examining the behavior of/~ on their boundaries. Though the answer is not clear for general Riemannian manifolds, we do have a definitie result for those Grauert tubes whose centers have constant sectional curvature, the main results are stated as Theorem 7.1 and Theorem 7.2.
CR manifolds and the Burns-Epstein invariant
Let M be a smooth manifold of real dimension 2n + 1. A CR structure on M is defined by choosing an n-dimensional subbundle Ti,0M of the complexified tangent bundle IETM of M, such that (1) TI,oMA TI,oM = {0}; (2) T1,oM is integrable, i.e., ifX and Y are two sections of Ti,oM, so is their Lie bracket [X, Y].
We call M a CR manifold with the given CR structure Tl, 0M. Also T~, 0M is called the holomorphic tangent bundle, and TI.oM ~ Ti,oM is usually denoted by IEH. In fact, IEH carries a natural complex structure given by the map J J : CH ---, IEH ,
The most important example of a CR structure is of course that induced by an embedding M C IE n, in which we can choose Tl,oM = Tl, o• n+l fq IETM. We call this the embedded CR structure. For three-dimensional CR manifolds, the integrability condition is automatically fulfilled: any complex line bundle V with V f3 V = {0} defines a CR structure. This property, together with the fact that there are many nondegenerate CR structures on any compact orientable S.-J. Kan three-manifold, makes the 3-dimensional CR structures strikingly different from higher dimensions.
A contact form 0 is a real non-vanishing one-form which annihilates T,,0 (hence annihilates OH); it is determined only up to a conformal factor. A CR structure /'1,0 with a specified choice of contact form 0 is called a pseudohermitian structure. The Levi form associated with this 0 is a Hermitian form Lo on Ti,0:
The structure is strictly pseudoconvex if the Levi form is definite; thus by changing the sign of 0 if necessary, we may assume that it is positive-definite. and defined the connection form (co~) as well as the torsion form (z ~) via the structure equations a0 =0BAco +0Ae, e^0 =0.
In this setting, the curvature matrix (H~) is and the pseudo-hermitian scalar curvature R is defined by in the sequel, we will only deal with three-dimensional CR manifolds in which the tedious indices of the above forms could be simplified tremendously. First of all, since M is strictly pseudoconvex, the matrix (g~) is positivedefinite. Therefore, we can normalize {Oh Of} so that
Since there is only one connection form co~, and only one torsion form z l, we may denote the connection form co~ by co and the torsion form z ! by T. The structure equations then become (2.1) dOl=O!.Aco+OAr ca+oh=O, TAOf=O.
and the pseudo-hermitian scalar curvature R is obtained from the equation
Based on this structure, Bums and Epstein [B-E 1] defined a real-valued global CR invariant # of Chern-Simons type for a compact, strictly pseudoconvex 3-dimensional CR manifold whose holomorphic tangent bundle is trivial. This p can be written down explicitly as
Remark. Cheng and Lee [C-L] independently found this invariant and extended the definition as a relative invariant to arbitrary compact three-dimensional CR manifolds.
Grauert tubes and Monge--Amp~re equations
Let X be an n-dimensional differentiable manifold. Bruhat and Whitney showed that if X is a real-analytic manifold of dimension n, then X can be complexifled; i.e., there exists a complex n-dimensional manifold M, and a real-analytic imbedding of X in M, such that X is a totally real submanifold of M, where totally real means: V E Tx(X) implies JV ~ Tx(X) for the complex structure J on Tx(X), any x E X. In addition, Grauert [Gr] showed that there exists a neighborhood U of X in M, and a nonnegative smooth strictly plurisubharmonic function p on U such that X is the zero set of p. The fact that p is strictly plurisubharmonic implies that the domains
are strictly pseudoconvex. Clearly this p is not uniquely defined for a given X, because any positive real number c times p still gives a nonnegative strictly plurisubharmonic function. However, Guillemin and Stenzel [G-S] (simultaneously and independently, Lempert and Sztke) imposed additional conditions on p to assure its uniqueness; they proved the following theorem.
Theorem (Guillemin-Stenzel) Let X be a compact, real-analytic, n-dimensional 
Then
Ms is an open, strictly pseudoconvex domain. We refer to this as the Grauert tube of radius e. One of the main objects of this paper is to find the Burns--Epstein invariant/= on this Grauert tube, and to see how it depends on the geometry of X, which we will call the middle manifold or center, and the radius e. Since the invariant /~ is defined only on three-dimensional CR manifolds; we will fix n = 2 from now on, and point out some properties of the Monge--Amp~re solution v~-Let p be a positive smooth function on a complex manifold M of dimension two. Since These differentials could also be expressed in terms of real coordinates xbx2, Yl, Y~, with z = xl + iyl, w = x2 + i~. Then the equation (3.2) takes the form
Let (gij) denote the Riemannian metric on X. The metric compatibility property (2) of the Guillemin-Stenzel Theorem holds if and only if i.e., when we pull back and evaluate the Kiihler metric on real vectors tangent to X, it coincides with the Riemannian metric (gij). Therefore, locally p must have the form ($) p (z,w) : p(xl,yl,x2, Y2) = 2[/i t (xl, x2)yl 2 + 4gt2(xt, x2 )Yl )'2 + 2922(Xl, X2 )y22 + higher order terms in Yl and Y2.
On the other hand, Q(z,w)-p(s is a real-analytic, non-negative smooth strictly plurisubharmonic function which satisfies all of three conditions listed in the Guillemin-Stenzel Theorem. By uniqueness
+ higher order terms in (-Yl) and (-Y2).
Comparing (g) and (~g), we see that it is not possible for odd-order terms in yl, y2 to appear. Setting
p can be expressed more precisely as follows:
Proposition 3.1. Collecting yl 4 terms in the first part of (3.3), they are
In the second part of (3.3), those yt 4 terms are (3.6) "16 22 16" I t 12
Therefore P P rs q)l(Xl ,X2 ) = [Jlabcdefpgabgcdgef "a t-~lhijmnrs ghighjgmn 224(gllg22 --gl2gl2) for some real numbers flta~aeft, and Ythij,nnrs, by comparing (3.5) and (3.6).
Similarly, we can obtain ~Pi,j = 2, 3, 4, 5, which will possess the same kind of expressions.
We pursue Proposition 3.1 a bit more by choosing a specific coordinate system, the geodesic normal coordinates at the origin of X, which will be important to us at various times. Let (xt,x2) be the geodesic normal coordinates on X centered at 0, and let (z,w) be the holomorphic extension of (Xl,X2), z = xl + iyl, w = x2 + iy2. Then the Monge-Amp~re solution v~ is locally where k is the scalar curvature at 0, and ~j are certain constants. For those (xl,yt,x2,y2 ) E c~Ms, we also observe that yl,y2 can be solved as the following asymptotic expansions in e: (3.8)
l, VI = gHg22 --g~2g~2, 0 E [0,2n) and t 0 are certain smooth functions.
In particular, if we choose the geodesic normal coordinates on X, then yl and y2 can be approximated by
where h.o.t, stands for "higher order terms".
Formulation of the problem and the pseudo-hermitian structures
Let (X, gi2) be a real-analytic, oriented, compact, two-dimensional Riemannian manifold, M~ = {p < e2} be the Grauert tube of radius e around X, and aM~ = {p = ~2} be the boundary of the tube. We would like to show that there exists a CR structure on aMe with trivial holomorphic tangent bundle, and therefore prove that the invariant/t is well-defined on aM~. 
which is the complexification of the volume element ~/det (gu(xl,x2) )dxidx 2 of the oriented Riemann manifold X. Therefore it is globally defined and is non-vanishing in a small neighborhood {p < ~} of X. As ~/is defined globally, we conclude that ~p is globally defined and nowhere vanishing, at least as a section of the dual of the holomorphic tangent bundle of dM~. This proves the natural CR structure on dMe has a trivial holomorphic tangent bundle. However, the "trivial holomorphic tangent bundle condition" is a homotopy condition. If it is true for 0 < ~ << 1, then it is true for all non-singular levels of p.
Remark. If X = X/F, II'I = k, is not oriented, but its k-th covering .~ is oriented, then d~ -the Grauert tube of radius ~ around .~-has trivial holomorphic tangent bundle, which could be viewed as a k-th tensor power of Tl,o(aMe).
S.-J. Kan A discussion in [B-E 1] about this situation shows that the definition of the invariant/z can be extended to such ~M~.
The existence of/~ leads to the seeking of the pseudo-hermitian structure, i.e., we are trying to find out those dual one-forms Ol, Of, connection form w, torsion form ~, and scalar curvature R on OM~. For our convenience, from now on, we will use the following abbreviations:
Restrict all of the calculations to the level surface ~M~ = {p = ~2}. Then (3.2) is equivalent to
By (1) of (4.4), ap4~0 and ~4:0 on {p = ~a}, therefore dp4~O off {p -0}.
So,
On the other hand, for any tangent vector X E Tp(aM~), 0 = dp(X) = (pzdz + pwdw + pidY.+ p~d~)(X).
Therefore, when we consider the actions of one-forms on the tangent bundle of aM~, without loss of generality, we may assume locally p~ # 0 and (4.6)
Choose the contact form 0 by
= -iap = -i(pzdz + pwdw).
By (4.1), a natural globally defined section of the dual of the holomorphic tangent bundle to ~Me will be
However, to construct a pseudo-hermitian structure, we need to construct another one form 01 so that dO = iOz A Of. Consider q~ locally as a one-form; it is only well-defined modulo addition of multiples of 0. We let 
-2~2Apw(-peB,~ + p~Be) + ~(-p~d,: + peA~).
Finally, the scalar curvature R is uniquely determined by the equation
The asymptotic expansion of the invariant/a
The main purpose of this section is to show the invariant/~ of the boundaries of Grauert tubes are very much like Weyl's volume formula, which says that the volume of a tubular domain around a Riemannian manifold depends only on the geometric nature of this Riemannian manifold and the radius of the tube; furthermore, it admits a Taylor expansion in powers of the radius. In our case, the invariant/~ also possesses an asymptotic expansion in powers of the radius, but this time, we get some singularities as the radius goes to zero. The leading order term of this expansion is suggested by the calculation of a simple Reinhardt example. (of. [B-E 1])_ We start by interpreting # in terms of the pseudo-hermitian structure {0, 0t, 01, co, ~, R} computed above. We now can compute the invariant p. First, We obtain the following type of functions, when taking the z derivatives of p, (.) (even-order terms ) + i(odd-order terms ).
Similarly, it is also true for the ~,w,~ derivatives. Inductively, when taking one more derivative of p, one will have 
In local coordinates z = xl + iyl, w = x2 + iy2, all have the type (,), so do R2,c6,aR, bW, --.l The only one we need to be P~ careful about is
The volume form
Putting all of the above arguments together gives the result.
Lemma 5.2. It has an asymptotic expansion in e 2.
Proof. By the above lemma and (5.1)
Since p, is real, the imaginary part has to vanish. So, We then interpret Yl,Y2 in terms of e and 0 as in (4.1). Both fedyldy2 and fodyl give even-order terms in e. Therefore, there is no odd-order terms in e appearing in the asymptotic expansion of/~. Once we know It has an asymptotic expansion in e 2, it is quite natural to ask where does it start? Is it a Taylor series in e 2 similar to the H. Weyl In order to obtain some further properties of/~, we replace yl and Y2, by and 0 as in (3.8).
-~ 89
where dA = i-1 89 is the volume element of the Riemarmian manifold X. The second term of # in (5.2) is then the order of fo is -5,-3,-1 .... 
,,~ e fF:fgi: )dA l-----I X where ^~2t+2~r tt^" ~2-(k ~ = F~(gl.~ )) ./'or any nonzero real number ,~.
Proof Let Gij = )g2gij be a new metric on X. Then Corollary 5.5.
Fo(,~ V~j ) = 2 Fo(g~j ), 0~,~ e R.
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We have proved that the leading term of # is . 
[-4i(iaR -b'-W + bW) + R 2 + 12c~] --[I].
We go back to (5.1) again, and examine the first part of #, which is
e2 f -~[I]dxldyldy2
where (a) e2A[I] is real, and has orders starting from -2, 0, 2, 4,... We need to make some explanation of (c). Recall the expression of p in (3.7), where the coefficients of those higher order terms are polynomials of the scalar curvature k. (5.6) together with (a) (b) and (c), shows that those terms which can be left after we integrate out the angular 0 term are those curvature terms. We conclude that the e ~ term coming from this part is cfxk(x)dA-some constant times the integration of the scalar curvature over X.
In the second part of (5.2), since dy2 always has order 1, there are two possible cases to get an e ~ term. We will devote this section to the calculation of the invariant g for a oneparameter family of compact, homogeneous CR manifolds which are the boundaries of Grauert tubes. We compute these # through two different approaches, one is via the formula we got in (5.7) to find the invariant of a Grauert tube, another way is by examining the standard CR structure. Both will give us the same #. We could therefore determine the coefficient of the second order term and double check the constant ~ of the e -2 term obtained from the previous section. Let Q denote the standard hyperquadric in C 3, defined by the equation, Q = {(z,, z2,z3 ) 6 ~3:zl2 + z22 + z32 = 1 }, S, be the 5-sphere of radius V9 in C 3, This shows that r has to be greater than or equal to one. 3M, is a three dimensional hypersurface when r > 1, whereas it degenerates to a totally real unit sphere S 2 in R 3 as r goes to one, S 2 = {(x,,x2,x3) 6 R 3 : x 2 +x22 + x~ = 1}. The first attempt is to find a Monge-Amp&e solution u on Q-S 2 with the desired properties described in Sect. 3, which was done by G. Patrizio To assure the uniqueness, we need to find c such that the K~ler metric ( aa"2 ~ when pulled back to the center, agrees with (gq) where zj is the ~,.
,% complexification of x: for j = 1,2. Let s = r -1. We could also write the Taylor expansion of u 2 at s = 0.
,~ 2s -}s 2 + ~s 3 + O(s4).
Taking derivatives of the expansion (6.3) implies and the three-dimensional hypersurface OM, is the boundary of a Grauert tube centered at S 2 of radius e, cosh-l(r) I?,: v5
It is therefore possible to compute the invariant # of OMr. Notice that the center is the unit 2-sphere which has constant scalar curvature 2 and surface area 4n. The expansion (6.3) also shows e 2",,~ O(s 2") on the level surface 3M~ = {u 2 = e2}. By (5.6),
2 fdA + cfk(x)dA + O(e 2) = ~s -I + ~ + 8cn + O(s).
(6.4) P = 16rre s2 s2
On the other hand, since OMr is defined by the equation (6.1), we could also view OMr as the unit tangent bundle of a unit sphere. It is diffeomorphic to SO(3), the special orthogonal group, and the diffeomorphism is given by where (xI, YI, X2, Y2, x3, Y3 ) 
(AI,A2,A3 ) = ((xl, x2, x3 ) x (Yl, Y2, Y3 ) ) .
To 
dO=iO~AOf, dO~=iOAO~.
This choice of {0,01,0f} provides a CR structure on ~gr, but it is not necessarily the embedded structure, the one inherited from the complex structure of C 3. However, since all S0(3) invariant CR structures are obtained from the perturbation of this {01,0f}, there exists t G (-1, 1), such that
gives the embedded CR structure. In other words, in terms of the local coordinates zl,z2,z3, none of the di, l,dY,2,ds terms is contained in the one fun~ 0.~, when written in terms of dz 1 and ds j = 1, 2, 3. We collect those dY, j terms in 01 + tOf. They are
[ , ] -~(ac -bc) + t-~(bc + ac) (Aldil + A2dh + A3d~3) .
So, we choose (6.5) t= a-b = ~r 2_,l_r, te (-1,O) . a+b This set of {0,0~,0~-} is the embetldetlCR structure of aMr, with
Therefore,
The local form defining # is c2(rt) =
( 1 --3k2)0 A dO, 16n 2 and the invariant -1 (6.6) p = f TC2(H) = 1-~2(1 -3k 2) f 0 A dO.
aMr OMr
We use the substitutions s = r -1, and write k 2 as the asymptotic expansion k2 ~ -1 + It is left to calculate f,~MO A dO, where (6.7) 0 A dO =a2b2(yldxldy2dx2 + yldxldy3dx3 q-y2dx2dyldxl
To compute the surface area, we introduce two independent spherical coordinates on OMr. Let
The condition xlyl + x2Y2 + x3Y3 = 0 makes it possible to interprate r/in terms of ~0, 0, ~, with
Integrating the first term of (6.7) over ~Mr, with help from Maple, we have
By symmetry, integrating out each one of the rest of the terms in (6.7) will have the same value %z 2. So, f~mr 0 A dO = 8re 2, Vr > 0. Therefore, by (6.6) (6.9) kt ----~2(1 -3k 2) = --~ [1 -3( 89 -t
-88 + O(s))] = ~s -l -7 + O(s).
Equating this # with that in (6.4) proves -1 c----. 81r
We have thus arrived at the decisive theorem of this paper. (2) II of OM~ has an asymptotic expansion in e 2, 0 < e << 1. 
Proof. (3)
Since/~ is a global CR invariant, 0M~t and 0M~ 2 are CR equivalent only if/ht = ~t~2 which, by (2), can't be true. A direct application of Fefferman's extension theorem [Fe] (any biholomorphic map between two compact, strictly pseudoconvex domains can be extended smoothly up to their boundaries) proves (3).
Grauert tubes with centers of constant sectional curvature
We have showed that there is no biholomorphic map between two Grauert tubes M~t and M~2, for el,ez small enough, although they clearly are homotopicaily equivalent. We would like to discuss more about the geometric properties of the Grauert tubes, and see to what extend the inequivalence holds. The result is not clear for general Riemannian manifolds, but, we do have a definite answer for those G-rauert tubes constructed above centers of constant curvature.
The first case we will consider is when the center X is exactly the twosphere. The discussion in Sect. 6 shows (7.2), together with the fact that t = ~-1 -r and r are in one-one correspondence, proves that/~r is a strictly decreasing function with -1 lim/~v = co, lim #r = r-'-* I r--*oo 2
In other words, /~,1 4=#,z whenever rl 4=r2. Thus any two Grauert tubes associated to the unit sphere with different radius can't be biholomorphically equivalent. Among all CR structures, the spherical ones -those that are locally CR equivalent to the three-sphere in C 2 -are especially interesting geometrically. We would like to see whether there is any spherical Grauert tube or not. In [B-E 1] , the authors showed that the critical points of #, viewed as functional on the space of CR structures, are exactly the spherical structures. Take derivative of (6.9),
which is zero only at t = O, i.e., #, can only be stationary" if r = co. In other words, there can't be any spherical structure for r < co. As r goes to 0, we make a holomorphic change of coordinates, Z~ = 3, J = 1,2, 3. Then
We claim aMoo is locally biholomorphic to the unit sphere s 3 = {(z,w) e r + 1 12 = 1}, by defining the map (7.5)
cp is clearly well-defined, holomorphic, onto. Furthermore, S3/G is CR diffeomorphic to aMoo where G = {I,-I}, i.e., aMoo is locally biholomorphic to S 3, and #(OMoo)= 89 3) = ~!. More generally, this is also true if the center X is a compact Riemannian manifold of positive constant curvature k. Then X is isometric to (S2/F, lg), where F are discrete subgroups of the group 0(3) of isometries of S 2, which act freely and properly discontinuously on S 2, and g is the inherited metric of S 2 from R 3. Actually, there are not many of them: S 2 and p2R are the only two complete, two-dimensional manifolds of constant positive curvature.
Since 0 and 0f are 0(3) invariant (see Sect. 6), the invariant /~r is welldefined on the boundaries of these new Grauert tubes (it also follows from the Remark after Theorem 4.1). They are (7.6) #r~V = f /~C2(/-/) = 7~1/#.
~Mr/r
Thus, I#,r preserves the same decreasing property of #r on the quotient space aMr/F.
We next turn to the fiat case. We will consider the spaces, for r > 0, j'y~ + y2 2 = r 2, aMr (xbx2) e R 2 .
The pseudo-hermitian structure
is preserved by the isometry group of IR a, as are o~ = -iO, ~ = iOf and R = 1. So, gr is well-defined on dMT/F, for any discrete subgroup F of the isometry group of R 2, which operates freely and properly discontinuously on R 2.
3 is a strictly decreasing function of r,.
~im o #r = oo, 7--,oolim #7 = 0.
where c(F) is a positive constant depending on F only.
d~7 -9 dr = l~n2r 2c(F) < O.
Therefore, there is not any spherical structure. As r approaches oo, Moo = lim Mr 7---I.oo is a Reinhardt domain, whereas it is not so clear what aM7 looks like as r goes to oo, comparing with (7.4), (7.5) above.
We sum these results up as follows: In the sequel, the Monge-Amp~re models whose centers possess constant negative curvature will be our chief objects. Quite naturally, the hyperbolic space H 2 which is given by x~ + ~-x] =-1, x3 > 0 with ds2= d~ + d~-dx~ is the first one to be thought about. Iz312 = r, r (-1,1) .
In terms of real coordinates, dM, could be viewed as an embedded submanifold of IR 6 defined by equations which is preserved under the group action of 0+(2, 1), and can't be extended beyond r E (-1, 1 ) . A close examination cheeks that all of the above calculation can be done in higher-dimensional spaces. Thus, they provide bounded Monge-Amp&e models to any complete manifolds of negative constant curvature.
We could also view aMr/F as an one-parameter family of locally homogeneous CR manifolds, and compute the invariant/~r on dMr/F. Again, F, a subgroup of 0+(2, 1 ) acts freely and properly discontinuously on H e. The map
gives a diffeomorphism from Mr to SO(2, 1), where Therefore, {0, 01, Of} provides an 0+(2, 1 )-invariant CR structure on tgM,, and the embedded CR structures could be obtained through a deformation {0, 0~, ~-} of this CR structure, with (7.13)
gives the embedded CR structure at the corresponding level dMr. The connection 09, torsion z and curvature R are which obtains zero at t = 0. So, there is at most one spherical structure at r = 0. On 8/140, x~ + x~ + x~ = .~_!, therefore x3 4=0. There are actually two symmetric, connected pieces in 8Mo, one has x3 > 0, the other one has x3 < 0. We will consider the x3 > 0 piece in the sequel. Since is locally biholomorphic. This shows 3Mo, as well as its quotient space aMo/F, is spherical.
s.-J. Kan Combining (7.13) and (7.14), we show that /~ decreases from co to a constant/t0 as r goes from -1 to 0, then climbs up to oo at the same speed, that is to say (7.16) /ts =/t-s, s E (0, 1).
Since/t is a global CR invariant, (6.15) gives the necessary condition for M-r to be biholomorphic to/14,. As for the sufficient condition, we need the help of another CR invariant, the CR invariant 2(N) associated with every compact, orientable, strictly pseudoconvex 2n + 1 dimensional CR manifold N, defined by David x/1 -r 2 -(I -r 2) ' whereas it is a positive constant Rr on OMr, The calculation in this section has actually extended the construction of hyperbolic tubes by Lempert in [Lem] . Let us remark that in that paper, Lempert didn't require the compatibility of the metrics and proved that the function q~o(z)= 2tan-l(tanhdn(z)) is a non-negative plurisubharmonic function on Bn/F, satisfies the Monge-Amp~re equation on Bn/F-An~F, equals 0 exactly at An~F, goes to ~ as z --~ aBn/F, and q~2 is a strictly plurisubharmonic function on Bn/F, where B" E IE n is the unit ball, A n is a hyperbolic space considered as the unit ball in IR n endowed with the Caley-Klein metric, and dn(z) measures the Kobayashi distance of z to An. We add the compatability condition to his model (Bn/F, An/F, ~o) On the level surface OMr, the uniqueness implies
tan-'(tanhdn(f(z))) = cos-It -7r.
So, the Kobayashi distance from the image f(dMr) of BM, to A n is
= -~ log -+ 1 -r dnf(z) = tanh-l lv/T-S-~_ r2
~/1 r 2 --1 "
